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Complete quintic spline interpolation.
We are to find S(x) G«SstO, n] so as to satisfy the conditions 
S'(0W(0), S'"(0) =ƒ"'(<)), S'(»W(n), S'"(n) = ƒ"'(»).
In the present note we propose to do for quintic spline interpolation what was done in [4] for cubic interpolation. Also the method used is similar; in the present case we derive our results from the 5th degree case of cardinal spline interpolation discussed in [2] . We describe here the results concerning the third problem (5) and (6).
The foundation of our discussion is the quintic .B-spline 
The existence and unicity of the solution of problem 3 (see [l] ) implies that we may write the solution in the form
where the coefficients of the data are the corresponding fundamental functions that are uniquely defined by appropriate unit-data. By Lemma 1 we may represent these fundamental functions as follows:
with coefficients that are yet to be determined. Introducing the representation (8) into the equations (5) and (6), we obtain a system of n+5 equations for the n+5 unknown coefficients Cy. We denote the inverse of the matrix of this linear system by (13) r 2 = |M 0>= -2,-l,.-.,*+2).
The determination of this matrix depends on the four algebraic integers Xi, X2, X3, X 4 , which are the zeros of the fifth Euler-Frobenius polynomial The solution of our problem depends in the first place on the so-called fundamental cardinal spline function L(x) satisfying the relations
We find that
-00 The fundamental functions (10), (11), and (12), may now be expressed as appropriate linear combinations of L(x) and of the four eigensplines 00 S,{x) = S x' »Af e(* -J) (y = 1, 2,3,4).
-00
It is clear a priori that the elements of the matrix (13) are rational numbers. Actually, the elements of (13) can be explicitly expressed in terms of certain sequences of integers defined by appropriate recurrence relations. We define two even sequences (a k ) and (b k ) of integers such that
These sequences may also be defined as solutions of the recurrence relation 
^i.n+2 == -6n-y,-2.
Besides (22), (26), awJ (27), ze># Aa^ /&£ symmetry relations
We may also express our results as follows: The spline function S(x) satisfying the relations (5) and (6) Here the coefficients Cj,, are the elements of the matrix (13) and their values are described by Theorem 1.
As a numerical example we choose » = 2 and find 
which is the Euler-Maclaurin quadrature formula for our data. The reason for this is that our interpolation process, as well as the quadrature formula (30), are both exact for the class of spline functions £ 5 [O, n], and that both are uniquely characterized by this property. This connection also explains the title of the present note. Among our three interpolation problems the third is the most readily accessible by our method. From its solution similar explicit results can be derived for the first two problems. Our approach also generalizes to heptic and higher odd-degree spline interpolation problems.
In conclusion let us point out that if we let w-»oo, then the matrix (13) converges rapidly to an infinite matrix r + whose elements are the coefficients corresponding to the semicardinal quintic spline interpolation of the data/"(O), /(0), /(0), ƒ(1), ƒ(2), • • • (see [4] for the corresponding cubic case).
